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New physics beyond the Standard Model could appear at long baseline
oscillation experiments as non-standard interactions (NSI) between neu-
trinos and matter. If so, determination of the CP-violating phase δ13 is
ambiguous due to interference with additional complex phases. I’ll present
my work using both numerical solutions and a perturbative approach to
study oscillation probabilities in the presence of NSI. I’ll show how the CP
phase degeneracies are visualized on biprobability plots, and the extent
to which the energy spectrum for a given baseline length can help resolve
them. In particular, this shows how the broad range of energies at DUNE
would help distinguish between maximal, standard CP violation and the
absence of CP violation with large eτ .
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1 Introduction
The determination of CP violation in the leptonic sector is a target of current and
upcoming neutrino experiments, and the result could have implications for early uni-
verse processes such as leptogenesis [1, 2]. Neutrino interactions violate CP invariance
if oscillation probabilities in vacuum differ between neutrinos and antineutrinos, i.e.
if P (να → νβ) 6= P (να → νβ) for flavors α, β with α 6= β. In the standard 3-neutrino
mixing scenario, the phase δ13 in the mixing matrix U will give rise to CP violation
unless its value is 0 or pi.∗ In this talk, I’ll focus on a particular channel relevant to
long-baseline experiments: P (νµ → νe) ≡ P and P (νµ → νe) ≡ P .
Figure 1: A set of oscillation parameters predicts one point on the biprobability plot.
Varying δ13 continuously from 0 to 2pi traces out an ellipse in biprobability space. In
vacuum, the normal and inverted hierarchy ellipses nearly overlap, but propagation
through matter breaks this degeneracy.
The above description makes neutrino CP violation seem straightforward: in vac-
uum, if P 6= P , then δ13 6= 0, pi. But other effects can complicate this:
• Long-baseline experiments: Neutrino beams pass through Earth, so the poten-
tial is not CP-invariant.
• Non-standard neutrino interactions (NSI): Off-diagonal αβ in the matter po-
tential will contain a new CP-violating phase [4, 5, 6, 7, 8, 9].
Much previous work has examined degeneracies in neutrino oscillations with and
without NSI.† The question I’m concerned with here is: in the presence of NSI, how
can we tell whether CP is violated and determine the underlying parameters? This
talk is based on [3], where further details of calculations and notation may be found.
I’ll focus on nonzero eµ or eτ , which have very similar effects as far as this work is
concerned, although the constraints are looser on eτ . (See e.g. [35].)
∗Further background and terminology may be found in the paper this talk is based on [3].
†See [10, 11, 12, 13, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 32, 33, 34].
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2 Degeneracies and Their Resolution
2.1 Degeneracies on Biprobability Plot
For a given set of parameters (θ12, δ13, etc. as well as experimental L, E, etc.) the
value of P and P are determined. This leads to one point on the biprobability plot;
see Fig. 1. Varying δ13 from 0 to 2pi produces a closed curve that happens to be
elliptical, and was originally used to show how matter effects lift an approximate
degeneracy between the normal and inverted mass orderings [12].
Figure 2: In the presence of non-standard neutrino interactions (NSI), degeneracies
get worse. Solid curves show the standard case, dotted curves show some of the
possibilities if |eµ| = 0.05.
In the presence of NSI, there is an increased degree of degeneracy, as shown in
Fig. 2. This looks like a mess, but the perturbative representation of oscillation
probabilities (which treats ∆m221/∆m
2
31, θ13, |αβ| as small parameters in computing
P , P ) lends insight that may be shown more precisely with numerical results [10, 36,
37, 38]. One could use this to quantitatively describe how the ellipses are streteched
and rotated as seen in Fig. 2. However, the more practical question is “given a
measured point (or region) in biprobability space, is there an easy way to tell which
degeneracies are excluded or not?”
One feature of the perturbative expressions is that the neutrino oscillation prob-
ability can be written schematically as P = (CP-even terms) + (CP-odd terms), so
the antineutrino oscillation probability is P = (CP-even terms) − (CP-odd terms).
Therefore it is natural that the rotated coordinates P+ ≡ 1√
2
(P + P ) ∼ (CP-even
terms) and P− ≡ 1√
2
(P − P ) ∼ (CP-odd terms) will be useful.‡
‡Note that CP-even terms can include pairs of CP-violating phases, etc.
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Figure 3: Two “hidden sector” ellipses (varying δeµ) that are approximately degen-
erate, superposed over the original biprobability curve that varies δ13. The values of
δeµ are shown by the triangles, which can be thought of as “hands on a clock” that
go around once per 2pi.
An interesting consequence of the perturbative expansion at ∆31 = pi/2
§ is that
dominant terms give
P+ ≈ 0.060, P− ≈ 0.027− 0.017 sin(δ13) (1)
in the absence of NSI.¶ Points with a given δ13 are approximately degenerate with
points that correspond to pi − δ13. As a consequence, curves drawn with δeµ varying
from 0 to 2pi (now δ13 fixed) – also elliptical – roughly overlap for identical values δ13
and pi−δ13. For this reason, the “hidden sector” ellipse turns out to be most useful for
representing degeneracies. (See also [14, 31, 27, 30].) At leading order, these hidden
sector ellipses have a center determined by sin(δ13).
The effect of nonzero eµ or eτ and δeµ or δeτ on a point corresponding to some
δ13 is to move it in the P
+ and/or P− direction in a way that depends mainly on
δ+ ≡ δ13 + δeτ :
∆P+eµ,eτ ≈ 0.21|eµ,eτ | sin(δ+), ∆P−eµ,eτ ≈ 0.14|eµ| sin(δ+), 0.13|eτ | sin(δ+). (2)
As δ+ varies from 0 to 2pi, the range of P
± values vary between ∆P+ ∼ ±0.21|eµ,eτ |
and ∆P− ∼ ±(0.14, 0.13)|eµ,eτ |. These can be thought of as an approximate “width”
of the hidden sector ellipse in the P± directions.
§∆31 ≡ ∆m231L/(4E) ∼ ±0.003L[km] / E[GeV]¶The specific numbers depend on the experimental parameters (numbers given relevant to DUNE)
but qualitative behavior does not. Full expressions in [3].
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Figure 4: Varying the neutrino energy by decreasing from ∆31 = pi/2 separates
overlapping hidden sector ellipses along the P+ direction. (Compare with Fig. 3,
which shows the ∆31 = pi/2 (x = 0) situation.)
Fig. 3 shows an example of overlapping hidden sector ellipses, each varying δeµ
with fixed δ13 = 0 or pi for |eµ| = 0.05. The triangles represent different values of δeµ
while each hidden sector ellipse has fixed δ13. This is a lot of information to represent
on one plot, but for convenience the orientation of the triangles can be imagined as
“hands on a clock” that go around once per 2pi. The original ellipse that varies δ13
with zero NSI is also shown for comparison.
2.2 Degeneracy Breaking
Degeneracies can be broken by a different baseline length and/or neutrino energy. In
the perturbative expansion, the µ→ e oscillation probability is near a maximum for
∆31 ≡ ∆m231L/4E = pi/2, which depends on the ratio L/E. There is also a matter
effect piece that depends linearly on L. Some experiments (such as T2K) have a
narrow energy band while others (such as DUNE) will have a wider range of neutrino
energies. For a broad spectrum, it’s convenient to expand around the energy E0 for
which ∆31 = pi/2 for a given experiment, and parametrize the neutrino energy as
E = E0 (1 + x), i.e. x is the fractional change in energy from E0. On a biprobability
plot, decreasing the energy from E0 (x < 0) tends to separate degenerate points in
the P+ direction, improving the possibility for resolving different parameters. For
instance,
P+ ≈ 0.059 + 0.21|eτ | sin(δ+) + 0.027x cos(δ13) (3)
for L = 1300 km and ρ = 3 g/cm3. For x = 0 only δ+ = δ13 + δeτ controls the
degeneracy in the P+ direction, but for x 6= 0 the cos(δ13) term comes into play.
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Figure 5: Degeneracy for apparent δ13 = −pi/2 at NOνA is somewhat broken by
DUNE (for ∆31 = pi/2, i.e. x = 0) and further by DUNE with x = −0.2 (E = 1.98
GeV).
Returning to the example of δ13 = 0 versus pi, the cosine will equal +1 and −1
respectively, moving these points in opposite directions along P+.
3 Degeneracy Breaking for Apparent δ13 = −pi/2
One application of Sec. 2 is the situation where P , P would be measured as apparently
consistent with δ13 = −pi/2. This is experimentally motivated by T2K and NOνA
results that suggest δ13 ∼ −pi/2, although no values have yet been ruled out [39, 40].
The larger eτ is, the more δ13 can vary away from the apparent value of −pi/2.
In particular, apparent δ13 = −pi/2 is also consistent with |eτ | = 0.2 and δ13, δeτ = 0
or δ13, δeτ = pi. For experimental parameters of DUNE, these points are more easily
distinguishable than at NOνA. In particular, both numerical results and the pertur-
bative approach in this paper show that the δ13, δeτ = pi point becomes well-separated
as energy varies, but the δ13, δeτ = 0 point remains more difficult to distinguish from
maximal CP violation in the standard scenario.
Fig. 5 shows a few points with “uncertainty disks” of biprobability radius 0.01
drawn around them.‖ For apparent δ13 = −pi/2 at NOνA, the point for |eτ | = 0.2,
δ13 = pi, δeτ = pi lies near the center of this disk, and |eτ | = 0.2, δ13 = 0, δeτ = 0 lies
away from the center but within the disk. To within ∆P± ≈ 0.01, the three points are
indistinguishable. At DUNE (with x = 0), these points separate in the P direction.
However, there is still some overlap in the uncertainty disk around each point. With
x = −0.2, however, the point corresponding to δ13, δeτ = pi separates from the other
two along the P direction. This pattern of degeneracy breaking is described by the
perturbative expressions discussed in [3].
‖This is not a precise statement about what each experiment can resolve, but a convenient way
to represent the approximate order at which points may or may not be easily resolved.
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Together, the numerical results and the perturbation expansion illustrate the role
of a broad energy spectrum in addition to different baseline lengths in breaking specific
degeneracies. This provides a useful way to characterize the role of each parameter
in determining which degeneracies are present, and how those may be lifted.
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